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MARTINGALE INEQUALITIES IN NONCOMMUTATIVE SYMMETRIC 

SPACES 

NARCISSE RANDRIANANTOANINA AND LIAN WU 


Abstract. We provide generalizations of Burkholder’s inequalities involving conditioned square 
functions of martingales to the general context of martingales in noncommutative symmetric 
spaces. More precisely, we prove that Burkholder’s inequalities are valid for any martingale in 
noncommutative space constructed from a symmetric space defined on the interval (0, oo) with 
Fatou property and whose Boyd indices are strictly between 1 and 2. This answers positively 
a question raised by Jiao and may be viewed as a conditioned version of similar inequalities for 
square functions of noncommutative martingales. Using duality, we also recover the previously 
known case where the Boyd indices are finite and are strictly larger than 2. 


1. Introduction 


In classical martingale theory, a fundamental result due to Burkholder m m ed]) can be 
described as follows: given a probability space (R, E,P), let {E n } n >i be an increasing sequence 
of er-fields of E such that S = \/ S n . If 2 < p < oo and / = (f n ) n > l is a L p -bounded martingale 
adapted to the filtration {E n } n >i, then (using the convention that Eq = Si), 


( 1 . 1 ) 


sup[E|/„ 

n> 1 


} 1/P - P [E(^E[|d/ n | 2 |E n _!]) 


p/2 


n> 1 


1/p 


+ 


[X E i^i p 


n>l 


1/p 


where ~ p means equivalence of norms up to constants depending only on p. The random variable 
s(f ) = ( X)n>i E[|d/ n | 2 |Erj—i]) ~ is called the conditioned square function of the martingale / and 
the equivalence (11.11) is generally referred to as Burkholder’s inequalities. The equivalence (11.11) 
was established by Burkholder as the martingale difference sequence generalizations of Rosenthal’s 
inequalities [13] which state that if 2 < p < oo and (g n )n>i is a sequence of independent mean-zero 
random variables in L p (n,E,P) then 

(1.2) (e| V 9 „|») l,P ~ ( £ E|s„| 2 ) 1/2 + ( £ Elrf) 1 "’. 

n> 1 n> 1 n> 1 


Probabilistic inequalities involving independent random variables and martingales inequalities 
play important roles in many different areas of mathematics. Burkholder/Rosenthal inequalities 
in particular have many applications in probability theory and structures of symmetric spaces 
in Banach space theory. On the other hand, a recent trend in the general study of martingale 
inequalities is to find analogues of classical inequalities in the context of noncommutative L p - 
spaces. We refer to [M Eg M M for additional information on noncommutative martingale 
inequalities. Noncommutative analogues of m and m were extensively studied by Junge 
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and Xu in [291130]. They obtained that if 2 < p < oo and x = {x n ) n >\ is a noncommutative 
martingale that is Lp-bounded then 

( 1 - 3 ) \\ x \\ p -p max|||s c (x)|| p , ||'Sr(a:)|| p , (J] ||dx n |p 1/p } 

ri> 1 

where s c (x) and s r (x) denote the column version and the row version of conditioned square 
functions which we refer to the next section for formal definitions. Moreover, they also treated 
the corresponding inequalities for the range 1 < p < 2 which are dual versions of (|1.3I) and read 
as follows: if x = (x n )n>i is a noncommutative martingale in L, 2 (M) then 

( L4 ) IMIp -p inf {lk(y)|| p + Ih0)|| p + {J2 \\ dw 4 P P ) 1/P } 

n> 1 

where the infimum is taken over all x = y + z + w with y, z, and w are martingales. The 
differences between the two cases 1 < p < 2 and 2 < p < oo are now well-understood in the field. 
In [21], inequalities (|1.3|) and (|1.4jl were extended to the case of noncommutative Lorentz spaces 
Lp.q(M) for 1 < p < oo and 1 < q < oo. Motivated by this extension, it is natural to ask if 
some versions of noncommutative Burkholder’s inequalities remain valid in the general context 
of noncommutative symmetric spaces. This question was explicitly raised in [221 Problem 3.5]. 
Martingale inequalities in the general framework of rearrangement invariant spaces have long 
been of interests. For the case of classical martingales, we refer reader to the work of Johnson 
and Schechtman [241 [25] and the references therein. For the noncommutative settings, we recall 
that generalizations of Burkholder-Gundy inequalities in noncommutative symmetric spaces were 
recently established in mi Eg, extensions of Junge’s noncommutative Doob maximal inequalities 
in some symmetric spaces were treated in m- In a closely related topic, Le Merdy and Sukochev 
studied Rademacher averages on noncommutative symmetric spaces ([33]). These Rademacher 
averages turn out to provide one of the key ingredients in the solution of Burkholder-Gundy 
inequalities in noncommutative symmetric spaces in mm- Naturally, the concept of Boyd 
indices of symmetric spaces ([33]) and various interpolation techniques play significant roles in 
all the results stated above. 

The present paper solves the problem discussed above. Our main result can be summarized as 
follows: assume that E is a rearrangement invariant function space on (0, oo) that satisfies some 
natural conditions and has nontrivial Boyd indices I<PE<QE<00 and M is a semifinite von 
Neumann algebra equipped with a faithful normal semifinite trace r. We obtain generalizations 
of CEU) and (|1.4I) that read: 

If 1 < pe < Qe < 2, then 

( L5 ) IM \ E (M) ~ E inf + IM*)|L(M) + ||(^)n>l|| E^too)} 

where as in (HD, the infimum is taken over all decompositions x = y + z + w with y, z, and w 
are martingales in 

If 2 < pe < qE < 00 , then 

( L6 ) I \ X \\ E (M) ~ E max {|Mx)|| E(A W IM*)L (A4 )> IK^nWlUc^^)}- 

We note that (II,6[) was recently established by Dirksen in [12]. His approach follows closely 
the original arguments used in [ 29] taking advantage of the fact mentioned earlier that the non¬ 
commutative Burkholder-Gundy inequalities for square functions are valid for noncommutative 
martingales in some general symmetric spaces. Thus, our main motivation is primarily to establish 
the equivalence (jl.5|h 
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Our approach is based on another discovery made in the next section that, in some sense, one 
inequality in the equivalence (11.41) can be achieved with a decomposition that works simultane¬ 
ously for all 1 < p < 2. We refer to Theorem 12.101 below for more information. This simultaneous 
decomposition allows us to efficiently apply results from interpolation theory. Namely, we use 
concrete realization of noncommutative symmetric spaces as interpolations of noncommutative 
Lp-spaces by means of A'-functionals and J-functionals. The non-trivial inequality in the equiv¬ 
alence (|1.6I) will be deduced from (jl.5D using duality. Unlike the L p - cases, this duality technique 
does not seem to apply for the other direction. That is, at the time of this writing, we lack 
necessary ingredients to deduce (11.51) from (11.61) . 

The paper is organized as follows: in Section 2, we provide some preliminary results concerning 
noncommutative symmetric spaces, interpolation theory, and martingale inequalities. In partic¬ 
ular, we establish a decomposition result for noncommutative martingales that sets up the use 
of interpolations. Section 3 is devoted entirely to the statement and proof of our main result. 
In the last section, we discuss some related results, provide examples, and point to related open 
questions concerning Burkholder’s inequalities. 

Our notation and terminology are standard as may be found in the books [6i I3T1 H5lj . 

2. Definitions and preliminary results 

2.1. Noncommutative spaces. In this subsection, we review some basic facts on rearrangement 
invariant spaces and their noncommutative counterparts that are relevant for our presentation. 

For a semifinite von Neumann algebra M. equipped with a faithful normal semifinite trace r, 
let M denote the topological *-algebra of all measurable operators with respect to (A4,r) in the 
sense of 1361 . For x € A4, define its generalized singular number by 

Ht(x) = inf{A > 0; r(e^ (A, oo)) < t}, t> 0 

where is the spectral measure of |cc|. The function 1 1 —> Ht(x) from (0, oo) into [0, oo) is right- 
continuous and nonincreasing ([19]). For the case where A4 is the abelian von Neumann algebra 
L 00 (0, oo) with the trace given by integration with respect to the Lebesgue measure, A4 becomes 
the linear space of all measurable functions Ao(0,oo) and g(f) is the decreasing rearrangement 
of the function |/| in the sense of [34] . 

We recall that a Banach function space (E, || • ||e) on (0,oo) is called symmetric if for any 
g £ E and any measurable function / with /i(/) < g(g), we have / € E and ||/||_e < \\g\\E- The 
Kothe dual of a symmetric space E is the function space defined by setting: 

E x = j/ £ L 0 (0,oo) : J \f(t)g(t)\ dt < oo ,Mg € a}. 

When equipped with the norm ||/|| E x := sup{/ 0 °° \f(t)g(t)\ dt : ||g||,E < 1}, E x is a symmetric 
Banach function space. 

The symmetric Banach function space E is said to have the Fatou property if, whenever 0 < 
/ a £ is an upwards directed net with sup Q ||/«||e < oo, it follows that / = sup a f a exists 
iu E and ||/||e = sup Q ||/ q ||e. It is well-known that E has the Fatou property if and only if 
the natural embedding of E into its Kothe bidual E xx is a surjective isometry. Examples of 
symmetric spaces with the Fatou property are separable symmetric spaces and duals of separable 
symmetric spaces. 

Another concept that is central to the paper is the notion of Boyd indices which we now 
introduce. Let E be a symmetric Banach space on (0, oo). For s > 0, the dilation operator 
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D s : E —> E is defined by setting 


D s f(t) = f(t/s ), t> 0, feE. 
The lower and upper Boyd indices of E are defined by 

logs j logs 


PE := lim 


s^oc log \\D 1 / S 


and qE := lim 


s ^ 0 + log \\D 1 / S 


respectively. It is well-known that l<P£<(/£;<oo and if E = L p for 1 < p < oo then 
Pe = Qe = P- We shall say that E has non-trivial Boyd indices whenever 1 < pe < qE < oo. We 
refer to mm for any unexplained terminology from function space theory. 

For a given symmetric Banach function space (E. || • ||e) on the interval (0,oo), we define the 
corresponding noncommutative space by setting: 

E(M, t) = [x € M : p(x) £ E}. 


Equipped with the norm ||:e||.e(.a4,t) := ||/J-(m)||^;, the space E(M.,t) is a complex Banach space 
([32]) and is referred to as the noncommutative symmetric space associated with (Ad, r) corre¬ 
sponding to the function space ( E , || ■ ||b). We remark that if 1 < p < oo and E = L p (0, oo) then 
E(M,t) = L p (Ai,r) is the usual noncommutative L p -space associated with (Ad,r). 

Recall that a linear operator T : X —> Y is called a semi-embedding if T is one to one and 
T(Bx) is a closed subset of Y where Bx = {x G X : ||x|| < 1}. As in the commutative case, if 
l<p<PE<qE<q<oc then the space E(M,t) is intermediate to the spaces L p (M.,t) and 
Lg(A4,r) in the sense that 


L p (M,t) n L q (M,r) C E(M,t ) C L p (M,r ) + L q (M,r) 


with the inclusion maps being continuous. Moreover, if E satisfies the Fatou property, one 
can readily verify that the second inclusion map E(M,t) ^ L p (A4,r) + L g (Ad,r) is a semi¬ 
embedding. These facts will be used in the sequel. 

We end this subsection with the following elementary lemma. It will be used in the proof of 
our main result. We include a proof for completeness. 


Lemma 2 . 1 . Assume that 1 < p < q < 2 and let u £ L p (M.) D L q (A4). There exists a se¬ 
quence (u m ) m >i in L i(Ad) nL 2 (M) with lim m _ KX) \\u m — w||L p (A4)nL 9 (A4) = 0 and both sequences 
(||w m || p ) m >i and (||u m ||g)m>i are increasing and converge to ||w|| p and ||?x|| 9> respectively. 

Proof. Let denote the spectral measure of |ri|. For each m > 1, set e m := el“l([l /m,m\). Then 
(e m ) m is an increasing sequence of projections in M that converges to 1 for the strong operator 
topology. Clearly, for every m > 1, r(e m ) < m p ||rt||p < oo. Set u m := ue m . It is easy to check 
that u m £ L\(M.) n M. A fortiori, u m £ L\{M) n L 2 (M). From the identities 

max{||rt - u m \\ p ,\\u - u m \\ q } = max{||rt(l - e m )|| p , ||rt(l - e m )|| 9 } 

= max {||(1 - e m )\u\ 2 { 1 - e m )\\ l J^ ||(1 - e m )|u| 2 (l - e m )\^ 2 }, 

we get that limn^oo ||u — u m \\L p (M)nL q (M) = 0- O n the other hand, if s is equal to either p or q, 

1 /2 

it follows from the identity ||rt m || s = |||w|e m |«||| s ^ 2 that (||ir m || s ) m forms an increasing sequence 
that converges to ||u|| s . □ 


We refer to pm ees m m for extensive discussions on various properties of noncommutative 
symmetric spaces. 
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2.2. Function spaces and interpolations. In this subsection, we will discuss concrete de¬ 
scription of certain classes of noncommutative symmetric spaces as interpolations of noncom- 
mutative L p -spaces that are relevant for our method of proof in the next section. We begin 
by recalling that for a given compatible Banach couple (Xo , X \), a Banach space Z is called 
an interpolation space if Xo fl X\ C Z C Xo + X\ and whenever a bounded linear operator 
T : Xo + X\ — > Xq + X\ is such that T(Xo) C Xq and T(Xi) C X± we have T(Z) C Z and 
|| T : Z —> Z || < Cmax{||T : Xo —>• Xo||, ||T : X\ —> Xi||} for some constant C. In this case, we 
write Z G Int(Xo, X\). When C = 1, Z is called exact interpolation space. We refer to [6j[7’, El] 
for more on interpolations. 

In this paper we rely heavily on the notions of A'-functionals and J-functionals which we now 
review: 

For a compatible Banach couple (Xq, Xi), we define the J-functional by setting for any x G 
Xo n Xi and t > 0, 

J(x,t]X o,Xi) = max{||z||xo,i|MUi}- 

As a dual notion, the AT-functional is defined by setting for any x G Eq + E\ and t > 0, 

K(x,t]X 0 ,X 1 ) = inf {Hxillxo + t\\x2\\ Xl -,x = xt + x 2 }. 

If the compatible couple (Xo,Xi) is clear from the context, then we will simply write J(x,t ) and 
K(x,t) in place of J(x,t;X o,Xi) and K(x,t;X o,Xi), respectively. It is now quite well-known 
that any symmetric Banach function space with the Fatou property that belongs to Int(L p , L q ) is 
given by a I\ -method. More precisely, we have the following result due to Brudnyi and Krugliak 
(see for instance m Theorem 6.3]). 


Theorem 2.2. Let E be a symmetric Banach function space on (0, 00 ) with the Fatou property. 
If E G Int(L p (0, 00 ), L q (0, 00 )) for 1 < p < q < 00 , then there exists a function space F on (0, 00 ) 
such that f G E if and only if K(f, -,L p ,L q ) G F and there exists a constant C such that 

C- l \\ K {fr)\\ F <\\f\\ E <C\\K(f,.)\\ F . 


We will use the corresponding J-method of the above theorem. This was studied in 01 0 - 
We review the basic construction of this method and introduce a discrete version that is quite 
essential in the next section. 

Suppose that an element x G Xo + X\ admits a representation 

f‘00 

(2.1) x= u(t ) dt/t, 

Jo 

where u(-) is measurable function that takes its values in Xo n X\ and the integral is convergent 
in Xo + Xi. For any given representation u(-), we set for s > 0, 

roo 

(2.2) j(u,s)= / f -1 J(u(f),f) dt/t. 

J S 

Given a symmetric Banach function space F defined on (0, 00 ), the interpolation space (Xo, X\)pj 
consists of elements x G Xo + X\ which admit a representation as in (12.111 and are such that 

(2.3) IMIfj = inf {||j(“>0|| F } < 00 , 

where the infimum is taken over all representation u of x as in (|2. 1 1) . We refer to 01(3 for a 
comprehensive study of this interpolation method along with some other equivalent methods. As 
noted above, we will need a discrete version of this method. This is standard but we could not 
find any reference in the literature for this particular method so we provide the details. 
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We define the interpolation space (Xq,X\) p.j to be the space of elements x £ Xq + X\ which 
admit a representation 

(2.4) x = ^2 u u (convergence in Xq + X{) 

v^L 


with u v £ Xq n X\ and are such that 

J <0 °- 

where the decreasing function j({u v } v , •) is defined by 



i(KW)= E 2_ M%> 27 ) for t £ [2 V ,2 V+1 ), 

7 >z/+l 

and the infimum is taken over all representations of x as in (12.41) . Clearly, the function j({u u } u ,t) 
takes only countably many values. Thus, we may call (Xq, X\)fj as a discrete interpolation 
method. As in the case of real interpolation methods, this discrete version is equivalent to the 
continuous version described earlier. More precisely, we have: 


Lemma 2.3. Let x £ Xo + X\. Then x £ (Xq,Xi) F j if and only if x £ (Xq , X\) F j■ More 
precisely, the following inequalities hold: 


1 

4 



\x\ 


F,j 


< 4d 


f,t 


The verification of Lemma f2.3l is a simple adaptation of standard arguments from interpolation 
theory which we leave for the reader (see ED- 

Combining [4, Theorem 9.3], [5, Theorem 3.5], and Lemma 12.31 we may state the following 
result which is one of the decisive tools we use in our proof. 


Theorem 2.4. If E is a symmetric Banach function space on (0, oo) with the Fatou property 
then the following are equivalent: 

(i) 1 < p < p E < IE < q < oo. 

(ii) There exists a symmetric Banach function space F on (0, oo) with nontrivial Boyd indices 
such that: 


E = (L p (0, oo), L q (0, oo))fj (with equivalent norms). 

As is now well-known, the preceding interpolation result automatically lifts to the noncommu- 
tative setting (see jTO], Corollary 2.2]): 

Corollary 2.5. Let E be a symmetric Banach function space on (0, oo) with the Fatou property. 
Then the following are equivalent: 

(i) 1 < p < pe < qE < q < oo. 

(ii) There exists a symmetric Banach function space F on (0, oo) with nontrivial Boyd indices 
such that for every semifinite von Neumann algebra (Af,a), 

E(M ,, a) = (L p (Af,cr),L q (Af,o)) F j, 

with equivalent norms depending only on E, p, and q. 

We record a general fact about interpolations of linear operators between two noncommutative 
spaces for further use. 
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Proposition 2.6 ([17]). Assume that E G Int (L p , L q ) and A4 andAf are semifinite von Neumann 
algebras. Let T : L P (AA) + L q (A4) -A- L p (J\T) + L q {Af) be a linear operator such that T : L P (A4) —>■ 
L p {M ) and T : L q (AA) —» L q ( AT) are bounded. Then T maps E(AA) into E{Af) and the resulting 
operator T : E(A4) -A- E(Af) is bounded. Moreover, we have the following estimate: 

||T : E(M) -A J E7(A/')|| < Cmax{||r : L p (M) -A L p (A7)||, ||T : L q (M) -A L,(.A0||} 
for some absolute constant C. 

2.3. Noncommutative martingales. Let us now recall the general setup for noncommutative 
martingales. In the sequel, we always assume that the von Neumann algebra AA is such that 
Al* is separable. Denote by (AA n ) n >l an increasing sequence of von Neumann subalgebras of AA 
whose union is weak*-dense in AA. For n > 1, we assume that there exists a trace preserving 
conditional expectation £ n from AA onto AA n . It is well-known that if r n denotes the restriction 
of r on A4 n , then £ n extends to a contractive projection from L p (A4,r) onto L p {AA n ,T n ) for all 
1 < p < oo. More generally, if E is a symmetric Banach function space on (0, oo) which is an 
interpolation space of the couple (Li(0, oo), Lo^O, oo)) then £ n is bounded from E(AA,r) onto 
E(AA n , TYi). 

Definition 2 . 7 . A sequence x = (x n ) n >i in L\{AA) is called a noncommutative martingale with 
respect to (M. n )n>\ if £n{x n +i) = x n for every n > 1. 

If in addition, all x n ’s belong to E(M) then x is called an £’(Al)-martingale. In this case we 
set 

ll a 'lll?(A / [) = SU P \\ x n ||s(At) • 
n> 1 

If II^IIecx) < °°) then x is called a bounded £’(Al)-martingale. 

Let x = (x n ) n >i be a noncommutative martingale with respect to (A4 n ) n > i- Define dx n = 
x n ~ x n -\ for n > 1 with the usual convention that xq = 0. The sequence dx = (dx n ) n >\ is 
called the martingale difference sequence of x. A martingale x is called a finite martingale if 
there exists N such that dx n = 0 for all n > N. In the sequel, for any operator x € E(M ), 
we denote x n = £ n {x ) for n > 1. It is well-known that if 1 < p < oo and x = (x n ) n >\ is 
a bounded L p (A1 )-martingale then there exists Xoa G L p (AA) such that x n = £ n (x^) (for all 
n > 1) and ||.t|| p = ||a:oo||p- For the general context of symmetric spaces, if E G Int (L p ,L q ) for 
1 < p < q < oo and satisfies the Fatou property, then any bounded £’(Al)-martingale x = (, x n ) n >i 
is of the form (£ n (x oo))n>i where Xoo G E(M) satisfying \\x\\ E ^ M -) UxooIIe^), with equality 
if E is an exact interpolation space. Indeed, by reflexivity, such statement can be readily verified 
for L p (A4) + L q (A4) and for general such E, it follows from the fact that E(M) semi-embeds into 
L p {M) + L q (M). Because of these facts, we often identify martingales with measurable operators 
when appropriate. 

Let us now review the definitions of Hardy spaces and conditioned Hardy spaces of noncommu¬ 
tative martingales. Throughout, E is a symmetric function space on (0, oo) with the additional 
properties that it satisfies the Fatou property and E G Int(Li, Loo). 

We define the column space E^AA;^) 1° be the linear space of all sequences (®n)n> 1 C L(AI) 
such that the infinite column matrix Y2n>i a n ® e n,l £ E(A4<S>B(l2(N))) where 5(^(N)) is the 
algebra of all bounded operators on the Hilbert space ^(N) equipped with its usual trace tr and 
(en,m)n,m>i denotes the collection of all unit matrices in B(Z 2 (H)). It is not difficult to verify that 
the linear subspace {^n>i a n <8> e n, 1 : (a„) n G E^AA',^)} I s closed in £ , (AftS>.B(t? 2 ))and therefore 
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we equip E(A4: £9 ,) with the norm 


(®n)n>1 


E(M,q) 


n> 1 


^n,l 


£(A4®B(* 2 )) 


(Ei-i 2 ) 1,! 

n>l 


S(At)’ 


then it becomes a Banach space. We can also define the corresponding row space E(M\ PJ 2 ) to 
be the space of all sequences (a n ) n >i C E(M.) for which (a*) n >i G E^M.-,^) equipped with the 
norm 


(&7i)n> 1 

— 

K)n> 1 


E(M;££) 



E(M-,q) 


Following [39] . we consider the column and row versions of square functions relative to a 
martingale x = (x n ) n >i as follows: 


S c {x) 


1 and S r (x) = (^2\dx* k \ 2 ^j 1 , 
k> 1 k>1 


where convergences can be taken with respect to the measure topology. Dehne T-L C E (M) (respec¬ 
tively, 'H E (M.)) to be the set of all martingales x = (, x n ) n >i in E(A4) for which the martin¬ 
gale difference sequence (dx n ) n > i G E(M.\l !]) (respectively, E(M',£ r 2 )) equipped with the norm 
\\x\\h% = W(dx n )n>i\\ E (M-,eS) ( res P ec tively, \\x\\n^ E = \\{dx n ) n >i\\ E (M-,e r 2 ))- It is easy to verify that 
since conditional expectations are bounded in E(M), the normed spaces T~L E (M .) and W E (M) 
embed isometrically into E(A4(&B with closed ranges and therefore they are Banach 
spaces. Moreover, one can see from its definition that 'H E (M) is simply the space of all mar¬ 
tingales x = (x n ) n > 1 in E(M) for which ||x||^ = ||£' c (x)||_e(_ A/( ) < 00 . Similar statement is also 
valid for 'H r E {M). 

We now turn to the mixture Hardy spaces of noncommutative martingales. From the above 
discussions, the spaces 1~L C E {M) and 1-L r E (M.) are compatible in the sense that they continuously 
embed into the larger space £ , (A'f< 8 )H(£ 2 (N))). The Hardy space is defined as follows. 

For 1 < Pe < QE < 2, 

H E (M) = H c E (M) + H r E (M) 

equipped with the norm 

INI He = inf {\\y\\n% + INI?^.}, 

where the infimum is taken over all y G T-L C E {M) and z G 'H r E (M.) such that x = y + z. For 
2 < Pe < QE < 00 , 

Ue(M) = U C E (M) nu r E (M) 

equipped with the norm 

\\x\\h e = max {\\ x \\n%, \\x\\u r E }- 

These definitions mirror the well-documented difference between the two cases 1 < p < 2 and 
2 < p < 00 for the special case where E = L p ( 0, 00 ). We refer to [14] and |22| for more information 
and results related to space We(J W). 

We now consider the conditioned versions of the above definitions. Our approach is based on 
the conditioned spaces introduced by Junge in [26]. Since this is very crucial in the sequel, we 
review the basic setup. Below, we use the convention that £q = £\. 

Let £ : M —> Af be a normal faithful conditional expectation, where M is a von Neumann 
subalgebra of M.. For 0 < p < 00 , we define the conditioned space Lp(A4,£) to be the completion 
of Jv[ n L p (A4) with respect to the quasi-norm 

IyC(M,£) = \\^( X X )|lp/2- 


X 
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It was shown in [26] that for every n and 0 < p < oo, there exists an isometric right .M n -module 
map Un, P : L p {M,£ n ) —> L p (M n ;£ 2 ) such that 

(2.5) ^n.p(^) ^n,q(?/) — £n(% ]j) ® Cl,l; 

for all x £ L£( M;£ n ) and y £ L q (A4\£ n ) with 1/p + 1 /q < 1. We now consider the increasing 
sequence of expectations (£ n )n>i■ Denote by F the collection of all finite sequences (o n ) n >i in 
L\(M) H M. For 0 < p < 00 , define the space L p ond (M;IQ to be the completion of F with 
respect to the norm: 

(2.6) ll( Q »)|lr,cond(jU:/'£) = II ( £n-i\anV) ! Up- 

n> 1 


The space L™ nd (M.\ £ 2 ) can be isometrically embedded into an L p -space associated to a semifinite 
von Neumann algebra by means of the following map: 


U p : L c p ond (M ;£ c 2 ) -A L P (M®B(£ 2 ( N 2 ))) 


defined by setting 


Up^CLj 3 


)n> 1 — 


^ ^ ^n— l,p(^n) 


°n, 1 


n> 1 


where as above, (e l .j) l .j>i is the family of unit matrices in -B(^ 2 (N)). From (12.51) . it follows that 
if (o n )„> 1 £ L c ™ a {mUI) and ( 6 n ) n >i £ L“ nd (M;^) for 1/p + l/q < 1 then 


(2.7) U p ((a n ))*U q ({b n )) = (y^£’ n -i(a* 6 n )) (g> ei,i <g> ei,i. 

n>l 


In particular, 

Ur, 


( a rc)llL£ ond (.M;^) — l|Dp((a ?1 


and hence U p is indeed an isometry. We note that 

We 


r 2) n 

is independent of p in the sense of interpolation. Below, we will simply write U for U p . 
refer the reader to [26] and [28] for more details on the preceding construction. 

Now, we generalize the notion of conditioned spaces to the setting of symmetric spaces. We 
consider the algebraic linear map U restricted to the linear space F that takes its values in 
Li(M.ig}B(£ 2 (N 2 ))) fl Ad< 8 >B(£ 2 (N 2 )). For a given sequence (a n ) n >i £ F, we set: 


lE cond (A 1 ;^) 


(Y,£n-l\an\ 2 ) 1 || e q\4) - ||^(( a ^))|lE(A1®B(£ 2 (N 2 )))- 


n> 1 


This is well-defined and induces a norm on the linear space F. We define the Banach space 
E cond (M■,£?,) to be the completion of F with respect to the above norm. Then U extends to an 
isometry from E cond (A4;£ 2 ) into E(A4(g>B(£ 2 (N 2 ))) which we will still denote by U. 

Similarly, we may define the corresponding row version E cond (A / t; £ 2 ) which can also be viewed 
as a subspace of i?( 2 W®B( 72 (N 2 ))) as row vectors. This is done by simply considering adjoint 
operators. 

Now, let x = (x n ) n > 1 be a finite martingale in L 2 (M.) + M. We set 


s c (x) 


/ and s r (x) 

k> 1 


(y>-iid4i 2 ) 1/2 . 


These are called the column and row conditioned square functions, respectively. Let Fm denote 
the set of all finite martingales in L\(M) n A4. Define h(respectively, W E (M)) as the 
completion of Fm under the norm ||x||h|, = ||s c ( 2 ; )||_e(a^) (respectively, ||x||h^, = ||sr(*T)|| £(>())• 
We observe that for every x £ Fm, IMIh|, = IK^ a; n)||E c ° nd (X;£|)- Therefore, h %{M) may be 
viewed as a subspace of E cond (A4: £ 2 ). More precisely, we consider the map V : Fm — > F by 
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setting T>(x) = (dx n ) n >\. Then D extends to an isometry from h C E (M) into E cond (M.-, £%) which 
we will denote by T> c . In the sequel, we will make frequent use of the isometric embedding: 

UV C : h %{M) -»• £(A40H(^ 2 (N 2 ))). 

We can make similar assertions for the row case. That is, W E (M) embeds isometrically into 
-F(.M0.B(f 2 (N 2 ))). We also need the diagonal Hardy space h %{M) which is the space of all 
martingales whose martingale difference sequences belong to equipped with the norm 

ll x llh| := \\(d x n)\\ e(MWoo)- As a bove, we denote by T>d the isometric extension of V from U E (A4) 
into E(A / t 0^oo)• We remark that since, under our assumptions on E, conditional expectations 
are bounded on E(M), it follows that T>d(h E (M)) is a closed subspace of E(M.®1 00 ). This 
shows in particular that U E (M) is a Banach space. Using the natural von Neumann algebra 
embeddings, C -B(T 2 (N)) C B{£ 2 (N 2 )), we can further state that h %{M) embeds isometrically 
into £’(A / f®i?(£ 2 (N 2 ))). Consequently, h d E (M), h E (M), and h r E (M) are compatible as all three 
isometrically embed into the larger Banach space -F(.M0.B(F 2 (N 2 ))). We define the conditioned 
version of martingale Hardy spaces as follows. If 1 < pe < qe < 2, then 

h = h E (A4) + \\ c e {M) + W e {M) 

equipped with the norm 

IMIhs = inf {||?u|| h d + \\y\\h c E + Ikllh- }, 

where the inhmum is taken over all w £ h E (M),y £ h c E (A4), and z £ W E (M) such that x = 
w + y + z. If 2 < pe < qE < 00 , then 

h e(M) = h d (M) n h %(M) n w- e {M) 

equipped with the norm 

\\x\\ hE = max {||x|| h d , ||x|| h |,, Hsllhj,}• 

For the case where E = L p ( 0, 00 ), we will simply write h P (M), ect. in place of 

B-Lpi-M), h Lp(M)-, ect. From the noncommutative Burkholder-Gundy inequalities and noncom- 
mutative Burkholder inequalities proved in [29, 39], we have 

n p (M) = h P (M) = L p (M ) 

with equivalent norms for all 1 < p < 00 . The latter equality constitutes the primary topic of 
this paper. 

We collect some basic properties of these various Hardy spaces for further use. 

Proposition 2.8. Let 1 < p < q < 00 and assume that E £ Int (L p ,L q ). 

(i) h E (M.) is complemented in E(M.®£ 00 ) and h < E {M.) € Int(hp(Ad), Y\ d (M)); 

(ii) If 1 < p < q < 00 , then h C E (M) is complemented in E(MI§B{l 2 { N 2 ))) and for s £ {c, r}, 
then h| fM) £ Int(h*(.Ad), h®(.M)). 

Proof. For the first item, the complementation follows immediately from the simple fact that the 
map 0 : L r (M®l 00 ) —> L r (J\A®£ 00 ) defined by: 

©((®n)n>l) — (^n(®n) ^n— l(®n))n>l 

is a bounded projection for all 1 < r < 00 . By the interpolation result stated in Proposition 12.61 
© : E(Ai<S)£oo) —> E(M®£ 00 ) is a bounded projection and it is clear that its range is V ( i(\\ d E {M.)). 
The interpolation is an obvious consequence of the complementation result. 

The second item is also a consequence of the known fact from [26] that if 1 < r < 00 , h ^(M) 
is complemented in L r (Ad0H(^ 2 (N 2 ))). Indeed, let A : L r (A / (0H(£ 2 (N 2 ))) —v T r (A40i?(^ 2 (N 2 ))) 
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be the bounded projection whose range is UD C { h£(.A4)) for all 1 < r < oo. It is known 
that A is independent of r in the sense of interpolation ([SHI 29.]) - We deduce that it is also 
a bounded projection from F?(.M< 8 >-B(f? 2 (N 2 ))) onto UV c (b c E (Ai)). The statement about the 
range comes from the facts that on one hand, UV c {Em) C A[£ , (Al<g>-B(l 2 (N 2 )))], and on the 
other hand, |Jn>i [-^i(-Mre®5(£ 2 (N 2 ))) H A4 n <8>S(^ 2 (N 2 ))] is a dense subset of .E(Ad<g>.B(T 2 (N 2 ))) 
whose image [J n>1 A[Li(Af n ®i?(^ 2 (N 2 ))) fl Ad n ®5(£ 2 (N 2 ))] C UD c (Em)- This shows that 
A[i?(A^®-B(T 2 (N 2 )))] = UT> C ( hg(Ad)). As in the first item, the statement on interpolation 
follows immediately from the complementation result. □ 

Remark 2.9. Unlike the L p - case, general descriptions of the duals of these more general condi¬ 
tioned Hardy spaces appear to be unavailable . One of the difficulties that arises in trying to 
develop such duality theory lies on the fact that, in some cases, E* may not be a function space. 
For instance, if E = L r)00 fori < p < r < q < oo, then E £ Int(L p , L q ), has the Fatou property, 
but E* is highly nontrivial. 

The next theorem is the main result of this section. Its main feature is that it gives a de¬ 
composition that provides norms estimates simultaneously for all p £ (1,2). This fact is very 
crucial in our approach in the next section. Before formally stating this result, we should clarify 
that when 1 < p < 2, the noncommutative Burkholder inequalities ([29j Theorem 6.1]) imply 
that for each w £ {d,c,r} there exists a bounded linear map £“ : h p (M) —» L p (A4). These 
maps are one to one as they come from the isomorphism h p (Al) ~ L p (Ai) and the definition of 
h P (M) = h p {M) + hc(-Ad) + h p (M). As a result, any element of h p (M) can be uniquely repre¬ 
sented as measurable operator from L p ( A4 ). This justifies the use of identification in item (i) in 
the statement of the next theorem. 

Theorem 2.10. There exists a family {k p : 1 < p < 2} C M+ satisfying the following: if x £ 
L\(M) (~l L 2 (A1), then there exist a £ rii < p <2 hp(A4), h £ fli<p <2 hp(Al), and c £ fli < p <2 hp(A4) 
such that: 

(i) x = a + b + c; 

(ii) for every 1 < p < 2, the following inequality holds: 

IMI^ + IHIh= + ll c llh; ^ k p\\ x \\ p - 

Proof. Case 1. Assume that M is finite and r is a normalized trace. The proof uses a weak-type 
decomposition from [43]. We consider the interpolation couple (Li(A4),L 2 (A4)). 

Let x £ L 2 ( A4). According to [2, Lemma 3.3.2], there is a representation x = 
(convergent in L\{M)) of x satisfying, for every v £ Z, 

(2.8) J(u u ,2 u ) < 4K(x,2 u ). 

Since r(l) = 1, we may apply [43, Theorem 3.1]. The statement of [43, Theorem 3.1] is only for 
finite martingales but the construction used there can be applied verbatim to the case of infinite 
L' 2 (A/l)-bounded martingales. There exists an absolute constant k > 0 such that, for each v £ Z, 
we can find three adapted sequences a^\ fd^ u \ and 7 ^ in L 2 (A1) such that: 

(2.9) d n {u u ) = for all n > 1, 

J{'^2 a n' > ® e n’t) < nJ(u u ,t), t > 0, 

n> 1 


( 2 . 10 ) 


12 


N. RANDRIANANTOANINA AND L. WU 


(2.11) j((^£: n - 1 (|/3M| 2 )) 1/2 ,t) <Kj(u v ,t), t> 0, 

ri> 1 


(2.12) j((^f n - 1 (| 7 M*| 2 )) 1/2 ,t) <KJ(u v ,t), t> 0, 

n>l 

where the J-functional in the left hand side of the inequality in (12.1011 is taken relative to the 
interpolation couple (L i, 0 o(-Ad<8>£ 0O ), L 2 (A4<gi£ 00 )) and those from the left hand sides of (12.1111 and 
(12.1211 are taken with respect to the interpolation couple (Li i00 (M), L 2 (M)). We set 

= X “n* ’ = X ^> and 7n = X ■ 

z^EZ z^EZ z/EZ 

Then we obtain three adapted sequence a = ( a n ) n , (3 = (/3 n ) n , and 7 = ( 7 n )n- Define the 
martingale difference sequences 

da n — a n S n —i((Xn); db n — [3 n £ n —i(J3 n ), and dc n — 7n £n— i(7»i)- 

We claim that the resulting martingales a, b, and c satisfy the conclusion of the theorem. Indeed, 
it is clear from the construction that x = a + b + c. For the second item, we will verify the 
statement separately for a, b, and c. We begin with the martingale a. This will be deduced from 
the next lemma. For 0 < 0 < 1, 1 < p < 2, and an interpolation couple (Xq, W), (Xo,Xi )e, P ,j_ 
and (Xo,Xi )e,p,K denote the discrete real interpolation methods using the J-functionals and 
/i-functionals, respectively. We refer to [7] for definitions. 


Lemma 2.11. For every 0 < 6 < 1 and every 1 < p < 2, 


(&n')n>l 




< ^\\ x \\[L 1 {M)M{M)]e, p -,K 


For 1 / G Z, let [a]dd = Yn an'* ® e n . The series YvVA^* a representation of Yn a n ® e n . 
Then the lemma follows immediately from combining (12.81) and (12.101) . 

Fix 1 < p < 2 and 1/p = (1 — 9) + 9/2. We appeal to the known facts from [40] that for any 
semifinite von Neumann algebra A f, we have 


L P {U) = [L li00 {M),L 2 {M)\ e pl and L p {M) = [L^M), L 2 (Af)\ ^ 
The above lemma yields a constant c p such that 

1 /p 

— ( Q(r>. )r).">1 _ 

L p (M®i 00) 


E 


CXr, 


< cJ £ . 

— ^11 lip 


Applying the fact that conditional expectations are contractive projections in L p (M) gives 

u 1 j ^ 2 Cv\ uc 

II II h“ — Pll lip 

Now we sketch the argument for b. We consider the conditioned spaces involved as subspaces of 
L r -spaces associated to M.<g>B(£ 2 (N 2 )) for appropriate values of r. Then for every v £ Z, 

j((J2 £ n-M v) \ 2 )) 1/2 ,2 v ) = J(^,2";L 1)OO (M®1?(£ 2 (N 2 ))),L 2 (A105(^(N 2 )))) . 

n> 1 

Therefore, (12.111) becomes, 

(2.13) j(/3 ( " ) ,2 t/ ;L li00 (M®B(£ 2 (N 2 ))),L 2 (Ad®S(£ 2 (N 2 )))) <«./(«„, 2"). 
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Using similar argument as in the estimate of norm of a with Ai<S)£ 0 
we get as in Lemma 12.111 that for every 0 < 6 < 1 and 1 < p < 2, 


replaced by 7W<8)i?(^ 2 (N 2 )), 


II/3II 


< 4k||: 


nLi,o°(M®B(e 2 (N 2 ))),L 2 {M®B{l 2 (N 2 )))] e , p .,j - ’"'ll^II [L^M)M(M)) e , p -,k ' 

As in the previous case, applying real interpolations with appropriate values of 6 and p gives that 
for every 1 < p < 2 , 


L p (M0B(e 2 ( n 2 ))) - c plrllp- 


This is equivalent to 


M ... 

rd^i 2 )) 172 


n> 1 


— C P\ 


X\ 


Using Kadison’s inequality £ n -i{Pn)*^n-i(Pn) < £n-i\/3 n \ 2 for all n > 1, we deduce that 

IHLc ^ 2c p\\ x \\ p - 

Similar argument can be applied to the sequence 7 to deduce the corresponding estimate 

llcIL < 2 cJ|x|| . 

II llh; — Pll lip 

Combining the above three estimates clearly provides the second item in the statement of the 
theorem. This completes the proof for the finite case. 

Case 2. Assume now that M is infinite. Since Af* is separable, the von Neumann algebra A4 
is ex-finite. We note first that Case 1 extends easily to any finite case with the trace r being 
not necessarily normalized (with the same constants as in the case of normalized trace). Since 
there is a trace preserving conditional expectation £\ : A4 —>• it is known that t\mi remains 
semifmite. 

Fix an increasing sequence of projections {ek)k> 1 C M\ with r(efc) < 00 for all k > 1 and such 
that (efc)fc>i converges to 1 for the strong operator topology. For each k, consider the finite von 

Neumann algebra (efcAlefc, T\ ek j^ ek ) with the filtration {ekM n ek) n >i- If we denote by £^ the 

(k) 

trace preserving conditional expectation from onto e^MnS-k then £ n ; is just the restriction 

of £ n on efcAlefe. This is the case since the e^’s were chosen from the smallest subalgebra M.\. 
Therefore, if y G then one can easily verify that 

and 


\y\\hd(e k Mek) Wynb^M)’ ll^ilh£(e fc Ate fc ) 


= y\ 


K(MY 


\y\\h r Je k Me k ) 


= y\ 


K(M)' 


Let x G L 2 CA 4 ) FI Li(A4). For each k > 1, ekxek G L 2 ie.kM.ek)- From Case 1., there exists a 
decomposition ekxek = a^ + b^ + c^ with the property that for every 1 < p < 2 , 


M\ 


+ || 6 (fc) || 


+ 


,(U| 


ur ^ Kp 

1 l p 


GfoXCk 


Fix an ultrafilter U on N containing the Frechet filter. For any given 1 < p < 2, the weak-limit 
along the ultrafilter U of the sequence (a^)k> 1 exists in h p (M). It is crucial here to observe 
that such weak-limits are independent of p (since they are automatically weak-limits of the same 
sequence in Li(M®£ 00 ) + L2{M®1 00 )). Similar observations can be made with the sequences 
( 6 (fc) )fc>i and (cW) fc > 1 . Set 


a = w- lirn a / k ' 1 , b= w-lim6^) and 
k,U k,U 


c = w- lim C ( fc ) 
k,U 


in h p (M), hp(AI), and h r p (M), respectively. We also observe that for every 1 < p < 2 , it is easy 
to verify that Hindoo || e^xe^ — x\\ p = 0. A fortiori, lim*,^ lle^xe*, — x|| p = 0. All these facts lead 
to the decomposition: 


x = a + b + c. 
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Furthermore, for every 1 < p < 2, we have 


\ a \\hi + 


h c C h r 

• i ip i M ip 


<sup{||aW|| h , + ||6«|| 


nWl 


|h c ||^ ||kr 
nip "”p. 


< k p sup e fc xeJ < k p x 


where k p is the constant from Case 1. The proof is complete. 


□ 


Remarks 2.12. 1) Since the noncommutative Burkholder inequalities do not hold for p = 1, the 
validity of our simultaneous decomposition can not include the left endpoint of the interval (1,2). 
On the other hand, using known estimates from real interpolation (> 9,p,K ) and ( 9,p, J ) methods 
of classical Lebesgue spaces, we can derive that there is an absolute constant C such that for 
1/p = (1 — 9) + 9/2, we have k p < C9~ 2 { 1 — 6 , )“ 1 / 2 ~ 1 / p . It follows that n p is of order (p — 1)~ 2 
when p —>• 1 and of order (2 — p)~ l when p —>• 2. In particular, our method of proof does not 
allow any extension of the decomposition to any of the endpoints of the interval [1, 2]. As we only 
get that k p = 0((p — l) -2 ) when p —> 1, our arguments do not yield the optimal order for the 
constants for the noncommutative Burkholder inequalities from [43). 

2) Junge and Perrin also considered simultaneous type decompositions for conditioned Hardy 
spaces in [28). Our Theorem 12.101 above should be compared with [28j Theorem 5.9]. See also 
Corollary [4]4] below for similar type simultaneous decompositions for the case of martingale Hardy 
space norms. 


3. Burkholder’s inequalities in symmetric spaces 

The following is the principal result of this article. It provides extensions of noncommutative 
Burkholder’s inequalities for martingales in general noncommutative symmetric spaces. 

Theorem 3.1. Let E be a symmetric Banach function space on (0, oo) satisfying the Fatou 
property. Assume that either 1 < pe < qE < 2 or 2 < pe < qe < oo. Then 

E(M) = h e (M). 

That is, a martingale x = (x n ) n >i is bounded in E(M) if and only if it belongs to h^(Al) and 

II \\E(M) a II Hh B 

As noted in the introduction, the preceding theorem solves positively a question raised in [22]. 
The new result here is the case where 1 < Pe < Qe < 2. The case 2 < pe < qe < oo was 
established by Dirksen in [121 Theorem 6.2] but we will also provide an alternative approach for 
this range. We remark that under the assumptions of Theorem 13. 11 the Banach function space E 
is fully symmetric in the sense of m but this extra property will not be needed in the proof. 

We divide the proof into four separate parts according to 1 < pe < < 2 or 2 < pe < qE < oo, 

each case involving two inequalities. The main difficulty in the proof is Part II below. Part III 
will be deduced from Part II via duality. The other two parts will be derived from standard use 
of interpolations of linear operators. 

3.1. The case 1 < pe < qE < 2. Let E be a symmetric Banach function space on (0, oo) with 
the Fatou property and satisfying 1 < Pe < Qe < 2. Throughout the proof, we fix p and q so 
that 1 < p < pe < qE < Q < 2. In this case, E £ Int (L p , L q ). 

Part I. We will verify that there exists a constant ce such that for every x £ \\e(M), we have 
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This is a simple consequence of the noncommutative Burkholder inequalities and Proposition 12.81 
Indeed, for 1 < r < 2, ||x|| r < c r ||a;|| hd . By interpolation, we deduce that < cs||a;|| hd ^ M y 

Similar arguments also give ||x|| s(>() < and ||x|| E( _ M) < 

Now, assume that x £ \\e(M.) is such that x = w + y + z where w £ h E (A4), y £ W E (M.), and 
2 £ W' E (JV[). Then we have 

\\ X \\e(M) ^ C 4IMIh| + IMIhJ. + IMIhj,)- 

Taking the infimum over all decompositions x = w + y + z provides the desired inequality. □ 

We should emphasize that the inequality from Part I may be interpreted as inclusion mappings 
in the following sense: if re € { d , c, r}, then there is a natural bounded map £ E : hg(Af) —> E(Ai). 
In fact, £ e may be taken as the bounded extension of the map (Em, || ■ ||h“) —> E(M) defined by 
{x n )n >l linin^oo x n (since (x n ) is a finite sequence, the limit should be understood as the final 
value of (. x n )). We claim that these maps are one to one. To verify this claim, we consider the 
following diagram: 

pw 

h |(M) E(M) 

'■ 3 

pw 

h%(M) + h%(M) L p (M) + L q (M ), 

where i is the inclusion map from the interpolation in Proposition 12.81 j is the formal inclusion, 
and is the combination of and introduced in the previous section. When z £ Em, 
we clearly have Cp, q L ( z ) = jCeO 2 )- Therefore, the above diagram commutes. Since l and ^ pq are 
one to one, so is £ E . As a consequence, any element a £ h E (A4) is uniquely associated with the 
operator £ E (a) £ E(A4) which we will still denote by a. In Part II below, statement such as 
x = a + b + c for x £ E( Ad), a £ h E (M), b £ h E (A4), and c € W E (M) should be understood to 
mean x = £%{a) + £%(b) + £ r E {c). 

Part II. We consider now the reverse inequalities. That is, there exists a constant (3e such that 
for every x £ E(A4), 

ll x llh B — ^ e IML(.m)- 

The proof is much more involved and requires several steps. Our approach relies on two essential 
facts. As stated in Corollarv l2.51 noncommutative symmetric spaces have concrete representations 
as interpolation spaces. The second fact is the simultaneous decomposition obtained in the 
previous section. 

According to Corollary 12.51 we may fix a symmetric Banach function space F on (0, oo) with 
nontrivial Boyd indices and such that for any semifinite von Neumann algebra J\f , we have: 

E{M) = [L p (J\f),L q (J\T)\ F j, 

where [-, -]fj is the interpolation method introduced in the previous section. We begin with the 
following intermediate result. 

Lemma 3.2. Let x £ L p (M) n L q (M). For every e > 0, there exist x^ £ L p (M) n L q (M), 
martingales £ h E (M), b^ £ b c E (M), and c^ £ h r E (M) with: 

(1) II® - £ (£) || L p (M)nL q (M) <£ ’ 

( 2 ) x^ = aV + b^+cV; 
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(3) l|o <E) IL+l|f’ w |L+lk w l 


h r E — ^ e \\ X \\e(M)' 


Proof. Let x G L p (M.) fl L q (M) and e > 0. Using the interpolation couple (L p (Ad), L q (M.)) , fix 
a representation x = (convergent in L p (M) + L q (M.)) such that 


(3.1) 




< 2 X L .. 

F ~ II II F,3_ 


Note that the u v 's belong to L p (A4) n L q (M.). Using Lemma [2711 for each v G Z, we may choose 
uf n ‘'' 1 G L\{M) D L 2 (.A4) satisfying the following properties: 


(!) lb; 


{rn v ) 


~ U h 


< 


\L p (M)nL q (M) ~ 4M + I ’ 

(2) K“")||,<K||,; 

(3) b l r%<bA\ T . 

The last two conditions imply that for every fGZ and every t > 0, 

< J(u v ,t ), 

which furthermore leads to the following inequality: 

(3.2) <j(KW). 

We define the operator x ^ by setting: 


x ^ = 


E 


u 


(m v ) 


Then it satisfies the following norm estimates: 

|U( £ ) _ x \\ < V'' I 

II x \\L p (M)nL q (M) - I 


< 


E 

vSL'L 


\u^ - u v 


< £. 


\L p (M)nL q (M) 


4M+1 


In particular, x^ G L p {M.) P\L q (M) and the first item in the statement of Lemma l3.2l is satisfied. 
The crucial fact here is that all in the representation of x ^ belong to L\(M) n L 2 (.M) 

so that Theorem 12.101 can be applied to each of the u[f riiy ^s. That is, for every v G Z, there exist 
a„ G ni <s<2 hf(Ad), b u G ni <s<2 h^(Al), and c v G ni <s<2 h^(Ad) satisfying: 

(3.3) = a v + b u + c v 

and if s G {p, g}, then 


(3.4) 


Kllhd + IML 


<K{ Pl q)\\u^\ 


where n(p,q) = max{n p , K q }. 

For each v G Z, we consider Vd(a v ) G L p (M®£ 00 )nL q (M.®£ 00 ), UV c (b u ) G L p (.M(g>-B(7 2 (N 2 )))fl 
L q {M®B(h( N 2 ))), and (/P c «) G L p (M®B(H^ 2 ))) D L q {M®B(£ 2 (^ 2 )))- 

First, we observe that (13.41) can be reinterpreted using the J-functionals as follows: 


(3.5) J{p d (a v ),t) < K(p,q)J(u < f nu \t), t > 0, 

(3.6) j(UV c (b v ),t) < k( p,q)J(u^\t), t > 0, 

(3.7) j{UV c (cl),t ) < K(p,q)J(u^\t), t > 0 
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where the J-functional on the left side of (13.51) is taken using the couple [L p (M®l 00 ), L q (M<Si£oo)\ 
and those on the left sides of inequalities (13.61) and (13.71) were computed using the couple 

We need the following properties of the sequences {Vd(a u )} ue z, {UVcib^)}^^, and {UV c (cl,)} v& i. 
We refer to DU for definition and criterion for unconditionally Cauchy series in Banach spaces. 

Sublemma 3.3. (1) £;, e z £ > d( a i') is a weakly unconditionally Cauchy series in E(M.®£ 00 ). 

(2) Yluez UT> c (b v ) and Yhv&z UV c (c*) are weakly unconditionally Cauchy series in E(M.®B(£ 2 (N 2 ))). 
Moreover, there exists a constant k, e such that: 

maX { Af>i ll*S , A r (^)lls(Al®B(t2(N 2 )))> H'S , A r ( c *)llE(A^®B(t2(N 2 )))} 

< K E \\x\\ E (M)> 

where for each N > 1, Sjv(a) = Z)|i/|<jv^d( a ^); SnQ>) = 52\ v \<nU'D c (K), and Sn(c*) = 

£| v \< N UV c {d). 

To verify the first item in Sublemma 13.31 we note that if S if a finite subset of Z then it follows 
from (13.2|) and (13.51) that 

i({Dd(a v )}veS,-) < K(p,q)i({u ( f n ' /) } ue s,-) < «(p, q)i{{uv}u, ■) ■ 

By the definition of [-, -] F j, for every finite sequence of scalars ( 0 u ) v ^s with \0 V \ = 1, we have 

\\Y, e - Vd ^\L v (MW 00 ),L q (M®t aa )]Fj - <p^)\\1({ u -U-)Wf < 2 K (p,q)\\x\\ FJ 

uGS 

where the last inequality is from (13.11) . Now we use the facts that 

E{MM 0 o) = [L p (Mmoo),L q (Mmoo)\ FJ and E(M) = [L p (M), L q (M)] Fj 
to deduce that there exists a constant k e such that: 

(^•8) || ' S ^0^ d ( a v)\\ E (M®too) — K£; ll x IU(At)' 

veS 

Since this is the case for any arbitrary finite subset of Z, it proves that the series Yhver^diP’v) is 
weakly unconditionally Cauchy in E(M®£ 00 ). 

The proof of the second item follows the same pattern. As above, if S’ is a finite subset of Z, 
then it follows from (13.21) and (13.61) that: 

i({UV c (b w )} ue s,-) < n{p,q)i({u { J n, ' ) }u£S, •) < K(p,q)i({u u } u ,-). 

Using similar arguments as above, we may deduce that for every finite subset S of Z and for every 
sequence of scalars (0^) u eS with 1 0 V \ = 1, 

(3-9) || ^ 9 u UV c (b u )\\ R(M -^ R (f n i N 2-)u < k £|MIe(>i)' 

v&S 

This again shows that the series £j, gZ UE> c (b u ) is weakly unconditionally Cauchy in 7?(A^®B(£2(N 2 ))). 
The proof for the series £ vgZ UV c (c*) is identical so we omit the details. The inequality stated 
in Sublemma 13.31 follows from (13.81) . (13.91) . and the corresponding inequality for £j, e z UT> c (c*). 
Sublemma 13.31 is verified. 

Next, we note that since L p (J\A®£ 00 ) + L q (A4<gi£oo) is a reflexive space, the series £ ygZ T>,i{a v ) 
is unconditionally convergent in L p (M.0i oo ) + L q (M.®£ 00 ). Similarly, both series Ylvez UT> c {b v ) 
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and BT} c (c*) are unconditionally convergent in L p (.M<g>.E>(£ 2 (N 2 ))) + Aj(.A 4 (g>-B(^ 2 (N 2 )))- 

Now we set: 

a (e) := ^2 V d( a v) ^ Lp(MWoo) + L q {MWoo), 

Z^EZ 

/3 (e) :=J2 UV c(b,) € L p (M®B(e 2 (^ 2 ))) + L q (M®B(£ 2 (^ 2 ))), 

z/EZ 

and 

7 (e) := ^ ^c(cj) € B P (^®S(4(N 2 ))) + L g (A1^(£ 2 (N 2 ))). 

z/EZ 

We claim that 

(3.10) max j||a ( )|U(M®£oo)’ H^ ( ^ IU(A 4 ®R(£ 2 (N 2 )))’ II"!*' ^llE(M®R(t 2 (N 2 )))} — K£ II x IIe(A 1 )' 

To verify this claim, we use the fact mentioned in the previous section that for every semifinite 
von Neumann algebra A/", the inclusion map from E(J\[) into L p (]\f) + L q (J\f) is a semi-embedding. 
Indeed, if p = ke\\x\\e(M)-> then from Sublemma 13.31 {Sn{o))n>i is a sequence in the p-ball of 
E(M®eoo) that converges to a ^ for the norm topology of L p (M.<gil 00 ) + L q {M®l oa ). By semi¬ 
embedding, we have a ^ £ E(A40£ OO ) with ||cr e ) WeimWoo) — P- Identical arguments can be 
applied to ^ and 7 ( e ) to deduce that \\P {e) \\ E[M ^ B{e2m)) < P and ||7 (e) L (A 1 ^ 2 (N 2 ))} < P- 
We have verified ( 13 . 101 ) . 

We observe that since the sequence ( Sn(o))n is from D^(hp(A4)) (7 V c i(\\ q (M)), it follows 
that a £ Vd(hf p+Lq (A4)). That is, there exists a& £ ^L p +L q ( -M) such that a^ = Vd(a^). 
But since ||a^|| E (^^ ^ by the complementation stated in Proposition 12.81 we 

conclude that £ h E (M) with the norm estimate: 

ll a( ] \\h% — Ks ll x IU(x)- 

Identical arguments can be applied to the sequences (Sn( b))jy and (Sn(c))n to deduce that there 
exist martingales b^ £ h %{M) and c ^ £ hg(Al) such that / 3^ = UV c {b^), 7 ^ = UV c ((c^)*), 
and 

max {||6 (e) || h ^, || c(e) || h ^ } < ke\\x\\ e(m) . 

It is clear from the construction that x^ = a^ and the last two inequalities clearly 

implies the last item in Lemma 13.21 The proof is complete. □ 


The next step provides the desired decomposition for all x £ L p {M) n L 9 (A4). 

Lemma 3.4. There exists a constant fd E such that every x £ L p (M) n L q {M) admits a decom¬ 
position x = a + b + c where a £ h E (A4), b € h C E (M), and c £ W E (M) satisfying: 

IMIh| IHIh|, ll c llh^ — ^IMUlw) - 

Proof. We use semi-embedding techniques. Using Lemma 13.21 we construct sequence of opera¬ 
tors C L p (M) D L q (M), sequences (a (m) ) m >i C h E (M), (6 (m) ) m > 1 C h^(A4), and 

(c( m )) m >i C W e (M.) such that: 

(i) lim m _ i . 00 ||x (m) - x\\ Lp{M)nLq{M) = 0; 

(ii) X M = a ( m ) + &( m ) + C M for all m > l: 


H II 


7.( m ) I 


+ ll^ (m) ILc + llc (m) | 


h r E — P E \\ X \\ E (M)' 
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Let p = Pe\\x\\e(M)- Then the sequence i belongs to the p-ball of E(M.®£ 00 ). 

Similarly, {UV c (b^ m ^)} m >i and {17T > c ((c^ m - ) )*)} m >i belong to the p-ball of E(M®B(£ 2 (^ 2 )))- 
Since the spaces L p (M.®£ 00 ) -\- L q (M.®£ 00 ) and L p (M.®B(£ 2 (N 2 ))) + L q (M.®B(£ 2 (N 2 ))) are re¬ 
flexive, we may assume (after taking subsequences if necessary) that {'D ( i(a ^ m " ) )} m >i converges to a 
for weak topology in L p (M.®£ 00 )+L q (M.®£ 00 ) and both {L r T’ c (^ m ^)} m >i and {UT> C ((c*" 1 --*)*)} m >, 
converge (for the weak topology of L p (M®B(£ 2 (N 2 ))) + L q (M®B(£ 2 ( N 2 )))) to b and c*, respec¬ 
tively. 

As a consequence of the fact that the inclusion mappings are semi-embedings, it is clear that 
these limits satisfy: 

max {ll a ll£(.M®4o)’ ll^llE(X0R(t 2 (N 2 )))> I|c ,|: |Ie(M®S(£2(N 2 )))} ^ P- 

Using similar arguments as in the proof of the previous lemma, we may deduce that there exist 
a £ b £ h^Al), and c 6 hg(A4) such that a = V<i{a ), b = UT> c (b), c* = UV c (c*), and 

the previous inequality translates into 



Moreover, it is clear from (i) and (ii) that x = a + b + c. Thus, we have verified Lemma 13.41 □ 

To conclude the proof of Part II, it is enough to note that since L p (M.) n L q (A4) is dense in 
E(A4). The assertion that 11^11< Ae || HI elm) ^ or x ^ B(M) then follows immediately from 
Lemma 13.41 

3.2. The case 2 < pe < qe < oo. Assume now that E is a symmetric Banach function space on 
(0, oo) satisfying the Fatou property and 2 < pe < qE < oo. 

Part III. We will verify that for every x £ h e(A4), 

IMk*o < UHL- 

This will be deduced from Part II using duality. Let E x be the Kothe dual of E. The non- 
commutative symmetric space E x ( A4) is the Kothe dual of E(A4) in the sense of [18] . Since E 
has the Fatou property, it follows that for every x £ E(M), we have ||;e||e(.m) = II x IIe xx (.M)- Ti 
particular, the closed unit ball of E x (Ai) is a norming set for E(M). 

It is enough to verify the inequality for x £ L\(M) fl AL For e > 0, choose y £ E X (A4), with 
\\y\\E*(M) = 1> and such that 

^- £ )\\ x \\ E {M)^ T ( x y*y 

From [32i Proposition 2.b.2], the Boyd indices of E x satisfy 1 < p E x < q E x < 2. Thus, using 
Part II, it follows that y £ h E x. We may choose a decomposition y = a + b + c satisfying: 

IML + IHL + IHIh- -+£■ 

E x EX ex 

From the discussion after the proof of Part I, a, 6, and c can be represented by operators from 
K X (A4), which we will still denote by a, b, and c. By density, there exist N > 1, a, b, and c in 
L\ (A4 at) n A4 at so that 

II® — Hlft. 1 * T II® ®||E X LM) ^ 

11^ — H\h c T- ||b — ^||ex(_a 4) < e /T 

ll c — ®l \h r EX ll c — ®IIe x (.m) < 
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Now, T(xy*) = T{xa*) + T{xb*) + r(xc*) < e\\x\\ E ^ M ^ + \T(xa*)\ + \T(xb*)\ + \T(xc*)\ := £|HIe(.m) + 
I + II + II. We estimate I, II, and III separately. Below, we denote by 7 and tr the usual 
traces on i 00 and B(£ 2 (N 2 )), respectively. For I, we have the following estimates: 

N 

I = | ^ T(dx n da* n ) 

72=1 

= |t ®^{{dx n )i< n < N .(da* n )i< n < N ) 

- ||(^n) 1 <n<7v|| £(A1 ^ oo ).||(ddr i ) 1 <n<iv|Ux( A/( ^ oo ) 

“ ll X llh|-H a llh^ x 

< (e/3+||a|| hd )||s|| h |. 

EX i. 

For II, we use the identifications of \\ C E {M) and h|, x (.M) as subspaces of E(M.®B (^(N 2 ))) and 
E x (MIg)B(l 2 (N 2 ))), respectively. First, we write II = | J2n=i T (dx n db* n )\. Since the conditional 
expectations £k s are trace invariant, we have: 

N 

II = | y^j{£n-i{db* n dx n )) 

72=1 

N 

= \r[j2£n-i(db* n dx n ) . 

72=1 


We note that ( db n )i< n <N and (dx n )i< n <N are sequences from T and therefore (|2.7I) applies. We 
may then write 


II = 

< 


r <g> tr 


b^((d^n)l<n<Af) f^((dx n )i< n <jv) 


U((db n ) n > 1 ) 


Ex(X®B(t 2 (N 2 ))) 

< (e/3 + ||6|| )||x|| 


U((dx 


72 / 72> 1 J 


lh Ex' ll llh E 


E* 


E(M0B(< 2 (R 2 ))) 


The proof that III < (e/3 + ||c||, r )||x||, r is identical so we omit the details. Combining the 

\ n iin BX /n nn B 

above estimates on I, II, and III, we derive that 

0 - - 2 £ )\\ X \\e{M) ^ + 2 £ )\\ x L e - 

Taking infimum over e gives the desired inequality. 


Part IV. The remaining case is to show the reverse inequality ||x|| h ^ IpllsiAi)’ This is an 
easy application of the noncommutative Burkholder inequalities for L^-bounded martingales when 
2 < s < 00 together with Proposition 12.81 Details are left to the reader. □ 

Remark 3.5. Our duality argument in Part III strongly relies on the theory of Kothe dualities for 
noncommutative symmetric space from [18]. At the time of this writing, we do not know how to 
incorporate this theory into martingales Hardy spaces. 




















MARTINGALE INEQUALITIES 


21 


For the case where 44 is a finite von Neumann algebra equipped with a normal tracial state r, it 
is more natural to consider symmetric Banach function spaces defined on the interval [0,1]. How¬ 
ever, the definition of the diagonal Hardy space uses the infinite von Neumann algebra M®i 0c . 
In this case, we may consider an extension of symmetric Banach function space E on [0,1] into a 
symmetric Banach function space on (0, oo) introduced in [23] (see also [HGS] f° r more details). 

Let Z\ be the symmetric space on (0, oo) of all measurable functions / for which £f(/)X(o,l] € E 
and //(/)X(i )00 ) £ £ 2 ( 0 , 00 ), endowed with the norm 

l|/|U| = max {l|/ i (/) X (0,i]IU, (53 ( / Pu{f)duj) }. 

n =0 Jn 

It was shown in [34, Theorem 2.f.l] that if E has nontrivial Boyd indices then Z'^ is isomorphic 
to E. Using the symmetric Banach function space Zj, on the diagonal Hardy space, we may state 
the following variant of Theorem I3.lt 

Theorem 3.6. Assume that (44, r) is a finite von Neumann algebra with t being a normal tracial 
state and E is a symmetric Banach function space on [0,1] satisfying the Fatou property. Let 
x = (x n ) n > 1 be a bounded E(M)-martingale. 

(1) If 1 < p E < Qe < 2, then 

INI E{M) ~ E inf {llHlh- a + IML + INIhJ 

Z E 

where the infimum runs over all decompositions x = w + y + z with w, y, and z are 
martingales. 

(2) If 2 < pe < Qe < 00 , then 

IML(ai) -e max {lhlL^ 2 > ||*llh^> \\ x \L e }- 

Z E 

The assumptions of Theorem 13.11 and Theorem 13.61 are equivalent to E £ Int (L p ,L q ) with 
l<p<g<2or2<p<g<oo. Indeed, if E £ Int(L p , L q ) then p < pe < qE < q- We do not 
know if our results extend to the case where E £ Int(L p , L 2 ) for 1 < p < 2 or E £ Int(£ 2 > Lq) for 
q > 2. On the other hand, since hi(44) C Li(Ni), the argument used in Part I of the proof of 
Theorem m can be readily adjusted to provide the following: 

If E £ Int(L], L q ) where q < 2, then there exists a constant ce such that for every martingale 
x £ h e(M), 

IML(m) — cs II x IL £ - 

Similarly, if E £ Int (L 2 , L q ) where 2 < q < 00 , then there exists a constant ce such that for every 
y € E(M), 

\\y\\ hE < c E\\y\\ E{ My 

We conclude this section by pointing out that as with the case of noncommutative Burkholder- 
Gundy inequalities, no equivalence of norms is known for the case where 1 < Pe < 2 and 
2 < qE < 00 . 


4. Further remarks 

We begin this section with a short discussion about the comparison between martingales Hardy 
spaces and conditioned martingale Hardy spaces associated with general symmetric spaces. Com¬ 
bining Theorem 13.11 with the main result of mi we may state: 
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Corollary 4.1. Let E be a symmetric Banach function space on (0, oo) satisfying the Fatou 
property. Assume that either 1 < pe < qE < 2 or 2 < pE < qe < oo. Then 


TL e (M) = h E (M) = E(M), 


with equivalent norms. 


We recall the noncommutative Davis’ decomposition established in [27L138] which states that 
%i{M) = hi(Al). In view of this equivalence, it seems reasonable to expect that the assumption 
PE > 1 is not needed in the first equality in Corollary 14.11 Unfortunately, our interpolation 
techniques are not efficient enough to apply to the case pe = 1. We leave this as an open 
problem. 

Problem 4.2. Assume that pe = 1 and qE < 2. Do we have TLe(A4) = h£(.A4)? 

Our next result shows a connection between the diagonal Hardy space and the row/column 
Hardy spaces. 


Proposition 4.3. If qE < 2, then max{||a| 


\W 




K' 


Proof. Let 1 < s < 2. It is an immediate consequence of the space L S / 2 (M) being a s/2-normed 
space that if a € hf(A4) then max{||a||^ c , ||a||-^r} < ||a|| hd . The g enera l case can be achieved 
by interpolations. We appeal to a result from [2, Theorem 2 and Remark 4] which asserts that if 
qE < q < 2, then E £ Int(Li, L q ). 

When 1 < s < 2 , it follows from above that the formal identity t : hf(A4) — > H C S {M) is 
a contraction. If we denote by j the natural isometry of TL C S (M) into L S (J\A®B(£ 2 (N))) then 
ji : hf(A4) —> L s (A 4<8)H(^2(N))) is a contraction. We can now deduce from Proposition 12.81 
that jl : hg(A4) — > £ , (A4®H(42(N))) is bounded whose range sits in Tl c E (M). This shows 
that ||a||^ c < || a ||h d ■ should point out here that in general, Hf(A4) is not necessarily 
complemented in L i(A4; l 2 ) and we do not know if TL c e (M) € Int(Hf(A4), 'Hg(M)). This explains 


the role of j in our argument. 
Since for 1 < s < 2, we have 


□ 


I < 2 l / s 
\m - 


for all a £ hs(A4) ([291 Theorem 7.1]), it is 


reasonable to assume that the corresponding statements to the row/column are also valid. That 
is, ||a||^ c < c^||a|| hc and ||a||^ r < c^||a|| h7 . for some constant ce- But we were unable to verify 
these inequalities at this time. 

The following consequence of Theorem 12.101 now follows from Proposition 14.31 and the facts that 
hp(A4) C TLp(M) and h r p {M) C TL r p {M.) for 1 < p < 2. It provides simultaneous decompositions 
for martingale Hardy spaces norms that are related to the noncommutative Burkholder-Gundy 
inequalities from [39 ], 

Corollary 4.4. There exists a family of constants {k' p : 1 < p < 2} C M + satisfying the following: 
if x £ Li(M) fl L 2 (M), then there exist martingales y £ ni< p <2^p(A4) and z £ ni< p <2%p(.A4) 
such that: 

(i) x = y + z; 

(ii) for every 1 < p < 2, the following inequality holds: 


\y\ 


Hi 


+ \\z 


\nr ^ K 'p\\ x \\p- 


A direct alternative approach to Corollary 14.41 is to use the weak-type inequality for square 
functions from [42] (see also [37]) and then follow the same line of reasoning as in the proof of 




MARTINGALE INEQUALITIES 


23 


Theorem 12.101 The above result is closely related to another type of simultaneous decompositions 
considered by Junge and Perrin in [28l Theorem 3.3]. 

We note that Part I of the proof of Theorem 13.11 can also be deduced from Proposition 14.31 and 
the noncommutative Burkholder-Gundy inequalities for symmetric spaces from [T4j and |[22]. 


As a final remark, we provide an example involving Orlicz functions. Let 
function on [0, oo) i.e, a continuous increasing convex function on [0, oo) with 
lirn^oo <b(f) = oo. Two standard indices associated to the Orlicz function $ 
follows: let 

(ts 


<f> be an Orlicz 
<L(0) = 0 and 
are defined as 


= sup- 
s>o ®(s) 


t <G [0, oo) 


and 


P 4 > 


:= lim 

t—>o+ 


log (t) 




, , ^ := lim 

log t log t 

Then 1 < p® < (/$ < oo. The Orlicz space L$ is the set of all Lebesgue measurable functions / 

defined on (0, oo) such that for some constant c > 0, 


log M$(t) 


®(\f(t)\/c) dt < oo. 

If we equip L$ with the Luxemburg norm: 

||/|L # = inf { c > 0 : J ^(l/WI/c) dt < l}> 

then L$ is a symmetric Banach function space with the Fatou property. Moreover, the Boyd 
indices of L$ coincide with the indices and q$ (see for instance [35]). Thus, Theorem 13.11 
and Corollary 14.11 apply to martingales in the noncommutative space L«j> (M ) whenever 1 < < 

q<p < 2 or 2 < < q ( j, < oo. This example also motivates the consideration of the so-called 

<h-moment inequalities involving conditioned square functions. This direction will be explored 
in a forthcoming article. We refer to [a muM for recent progress on moment inequalities for 
noncommutative martingales. 
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